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Abstract
In this paper, we develop a stochastic model for topology opti-
mization. We nd robust structures that minimize the compliance
for a given main load having a stochastic behavior. First, we give
some properties about the stability of structures carrying several loads.
Then, we propose a stochastic model that takes into account the ex-
pected value of the compliance and its variance. We show that, sim-
ilarly to the case of truss structures, these values can be computed
with an equivalent deterministic approach and the stochastic model
can be transformed into a nonlinear programming problem, reducing
the complexity of this kind of problems. Finally, we check our formu-
lation by considering several 2D and 3D numerical examples. For each
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Figure 1: Representation of the elastic homogeneous body 
 and the consid-
ered external forces f and g.
benchmark case, we consider a set of optimization problems based on
dierent weight coecients of the compliance, expected-compliance
and variance values and compare the robustness of the obtained solu-
tions between them. We see that considering our methodology with
an appropriate set of weight coecients may help to generate struc-
tures robust to main loads and their perturbations.
Keywords: Topology optimization; Structural optimization; Stochas-
tic programming; Finite element method.
1 Introduction
Let us consider an open set 
  Rd; where d is 2 for planar structures or 3
for three-dimensional bodies. The set 
 represents a body that we assume is
made of an isotropic, homogeneous and linear elastic material. The boundary
of 
 is denoted here by @
 =  u [  g with  u \  g = ;: In this setting,  u
corresponds to the part of the boundary of 
 where the displacements of the
body are not allowed. We assume that external forces f and g are applied
to 
 and  g; respectively. A graphical representation of 
 is given in Figure
1.
The displacements can be computed (see e.g. [1]) by solving the following
system of partial dierential equations:8<:
  div(K e(u)) = f; in 
;
u = 0; on  u;
(K e(u))  n^ = g; on  g;
(1)
where u : 
! Rd is the vector of displacements, e(u) = 1
2
(ru+rut) denotes
2
the linearized strain tensor, K is the fourth-order material elasticity tensor,
div() is the divergence of a tensor eld and n^ is the outward unit normal
vector on the boundary of the domain. We suppose that K 2 M; which is
a set of admissible stiness tensors, related to the admissible materials we
might use. Typically (see [2, 3]), the set of admissible tensor M is a subset
of
M^ =

(x)K0
 0  Z


(x) dx  Vmax and  : 
! [min; max]

; (2)
where Vmax is the maximum amount of material that is allocated; (x) is the
density of material at point x 2 
; min > 0; max the maximum density
we may use; and K0 the fourth-order tensor of the considered linear elastic
isotropic material. Additionally, other constrains should be considered in
order to obtain physically realizable structures. For example, we would like
to avoid structures with intermediate density zones (i.e., (x) 2]min; max[),
and microstructures with periodic variation density. For practical reasons,
these constraints are not detailed in the continuous denition of M but they
will be taken into account in its numerical implementation (see Section 4).
In the following, we assume that f 2 L2(
)d and g 2 L2( g)d although
less regular external forces can be also considered (see Remark 1 below)
Let us dene H = fu 2 [H1(
)]d j uj u = 0g; where the space H1(
)
is the well-known Sobolev space of functions that are in L2(
) with the
rst derivatives (in the sense of distributions) in L2(
): For a given material
and its corresponding stiness tensor K 2 M; following [2, 4] we dene the
bilinear functional AK : H H ! R by
AK(u; v) :=
Z


e(u) : Ke(v) dx; (3)
where e(u) : Ke(v) denotes the tensor product given by
e(u) : Ke(v) :=
dX
i;j;k;l=1
Kijkleij(u)eij(v):
We recall that a weak solution of system (1) is a vector u 2 H satisfying
AK(u; v) =
Z


f  v dx+
Z
 g
g  v dx 8v 2 H: (4)
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We note that, under suitable conditions on the data (according to Korn's
inequality and the Lax-Milgram Lemma [5, 6]), Problem (1) has a unique
weak solution (see [7] for more details).
Remark 1 In this work it is possible to include functions less regular than
f 2 L2(
) or g 2 L2( g) with a suitable alternative weak formulation instead
of (4). An example of force f =2 L2(
) that is typically considered is a
point wise force f = (x   a); where f 2 Rd and a 2 
: In this case,R


f  v dx = fv(a): Nevertheless, when computing an approximated solution
by using the Finite Element Method (see Section 4) f and g are usually
approximated by functions in L2(
)d and L2( g)
d; respectively, and (4) can
be used again, becoming a linear system in nite dimension.
For the sake of simplicity and without loss of generality, in the following,
we only develop the case when g = 0: To recover the general case, the reader
should replace
R


f v dx by R


f v dx+R
 g
g v dx; keeping in mind that the
integral notation should be changed by suitable duality products for cases
with less regular forces.
We note that, due to the symmetry of operator AK(; ); equation (4)
(with g = 0) above can be seen as the optimality condition of the following
problem
1
2
Z


f  u dx = max
v2H
Z


f  v dx  1
2
AK(v; v)

: (5)
The optimal value of the problem above is called compliance (see e.g. [2]) and
can be seen as a measure of the global stiness of a given material. Under
this setting the well known minimum compliance topology design problem
corresponds to (see [3, 2])
min
K2M

1
2
Z


f  u dx; where u 2 H satises:
AK(u; v) =
Z


f  v dx 8v 2 H

:
(6)
Our main purpose is to nd an optimal material in the set M (mini-
mum compliance) when the external load force has a stochastic behavior.
In an analogous way to previous stochastic results for truss optimization
(see [8, 9, 10] and the next section), we assume that the external load force
4
f is perturbed by a L2(
)d-valued random variable  : B ! L2(
)d; where
(B;F ;P) is a probability space1, with expected value
E() =
Z
B
 dP =
Z
B
(!)P(d!) = 0 2 L2(
)d:
Remark 2 Similarly, when g 6= 0; the surface load is perturbed by a L2( g)d
{ valued random variable  : B ! L2( g)d with E() = 0:
For a given material K 2 M and a random perturbation ; we have the
corresponding compliance
	(;K) =
Z


(f + )  u dx; where u 2 H satises:
AK(u; v) =
Z


(f + )  v dx for all v in H:
(7)
Following [8, 2, 4], we state the stochastic topology design problem as
min
K2M
E[	(;K)]; (8)
where the expected value of the random variable 	(;K) is given by
E(	(;K)) =
Z
B
	((!); K)P(d!):
We note that, when the support of the probability distribution is the single-
ton f0g; i.e. B = f = 0g and Pf = 0g = 1; Problem (8) corresponds to
the minimum compliance design model (6). Also when the probability dis-
tribution has nite support we obtain the well known multiload model (see
[2, 3]). We recall that the multiload model was proposed in order to take into
account several loading scenarios or loads that are applied in dierent instant
of time. This model corresponds to the minimization of a weighted average
of the compliance. More precisely, if we consider the functions fi : 
 ! Rd;
for i = 1; : : : ; k; and the functional AK(; ) dened in eq. (4), the multiload
model is given by
min
K2M
(X
i
wi
Z


fi  ui dx; where ui 2 H satises:
AK(ui; v) =
Z


fi  v dx; for all v in H

:
(9)
1With this notation B is the sample space, F denotes the -eld and P its probability
measure.
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Taking the discrete probability law given by B = f = f1; : : : ;  = fkg and
f = 0; dening the weights as wi := Pf = fig (the probability that discrete
variable  take the value fi); we get that the previous problem is a particular
case of (8), and therefore, the proposed model extends classical formulations.
In [11] formulation (8) was studied for some choices of the random vari-
able  and good results were obtained. From a theoretical point of view,
it is showed that the expected value can be computed with an equivalent
deterministic approach which reduces drastically the computational cost of
computing a solution of the stochastic Problem (8) (see Section 3 for a sum-
mary of these results). Numerical experiments have been carried out for
some particular benchmarks using the expected compliance formulation (8).
Recently, a new approach based on numerical and Monte Carlo methods has
been proposed by Zhao and Wan (see [12]) in order to obtain robust struc-
tures under load uncertainty. In other direction, Allaire (see [13]) proposes
a deterministic method for optimizing a structure with respect to its worst
possible behavior. Similarly to the case of trusses (see [10]) this approach
provides solutions which are robust under load perturbations, but for some
particular scenarios it may happen that the value of the compliance is too
large and this model is no suitable. In order to avoid this situation we propose
the following alternative.
min
K2M
fE[	(;K)] +  Var[	(;K)]g; (10)
where ;  2 [0; 1] and Var is the variance of the random variable 	(;K):
In Section 5, we illustrate the interest of formulation (10) by considering
various 2D and 3D benchmark problems. We consider a set of values for
(; ), and compare the dierent solutions in terms of robustness to the
main load and its perturbations.
2 About the stability of bodies submitted to
several loads
There are several examples with trusses (see e.g. [8, 14]) showing that opti-
mized structures obtained by the classical model (6) could produce unstable
mechanical behaviors. Numerically, we have that the corresponding stiness
matrix associated to the nite element discretization is close to be singular
and therefore it may produce an extremely large value of the compliance.
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The multiload model described in the previous section, see Eq. (9), helps to
avoid this problem by considering several loading scenarios. The following
theorem about the stability of structures helps to understand the behavior of
a structure submitted to several loading scenarios. Similar result for trusses
can be found in Alvarez and Carrasco [8].
Let K 2 M a tensor representing a given material and fi : 
 ! Rd; i =
1; : : : ; k: We denote by
Convffigk1 :=
(
kX
i=1
ifi
 kX
i=1
i  1; i  0; i = 1; : : : ; k
)
;
the convex hull of functions fi; i = 1; : : : ; k:
Theorem 1 Let us consider f 2 Convffigk1 and we consider ui 2 H; i =
1; : : : ; k; such that
AK(ui; v) =
Z


fi  v dx for all v 2 H: (11)
Then, if u 2 H is the solution of (4) it satisesZ


f  u dx  max
1ik
Z


fi  ui dx

: (12)
Proof: Let fgki=1  [0; 1]; with
Pk
i=1 i  1: We dene f : 
 ! Rd as
the function x 7! f(x) =Pki=1 ifi(x): Using that AK(; ) is coercive and by
the denition of f; it follows, for all v 2 HZ


f  v dx  1
2
AK(v; v) =
Z


f  v dx  1
2
kX
i=1
iAK(v; v)
=
kX
i=1
i
Z


fi  v dx  12AK(v; v)

:
Now from the optimality condition Eq. (5) (with fi instead of f) and using
equation (11), we obtainZ


f  v dx  1
2
AK(v; v)  12
kX
i=1
i
Z


fi  ui dx for all v 2 H;
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and therefore,Z


f  v dx  1
2
AK(v; v)  12 max1ik
Z


fi  ui dx for all v 2 H:
Consequently,
sup
v2H
Z


f  v dx  1
2
AK(v; v)

 1
2
max
1ik
Z


fi  ui dx:
We note that, by the bilinearity of AK(; ); we have that function u =Pk
i=1 iui is the unique solution of (4), since
AK(u; v) =
kX
i=1
iAK(ui; v) =
kX
i=1
i
Z


fi  v dx for all v 2 H.
Therefore, using the optimality condition (5) we concludeZ


f  u dx = 2max
v2H
Z


f  v dx  1
2
AK(v; v)

 max
1ik
Z


fi  ui dx:

Theorem 1 implies that the compliance of any load in Convffigk1 is
bounded by the maximum value of the compliances of each fi: It is easy
to see, that (12) is also true for f 2 Convffi; figk1:
3 Variance-expected compliance approach for
topology optimization
3.1 Variance-expected approach
In this section, we study the stochastic topology design problem (10) pro-
posed in Section (1). We show that this problem can be transformed into
a multiload like problem in which the loading scenarios are related to the
variance of random loads applied to 
.
Firstly, we consider the stochastic topology optimization problem (8). In
the following, we will consider the set fPig1i=1  L2(
)d; corresponding to
directions of perturbation of the main force f 2 L2(
): As said in Remark
1, spaces less regular that L2(
)d can be also considered.
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Theorem 2 below gives an explicit expression of Problem (8) which can
be directly evaluated. Therefore, a Monte-Carlo algorithm (see [15]), which
is usually numerically expensive, is not necessary to approximate the value
of E[	(;K)]: The proof of this theorem can be found in [11].
Theorem 2 With the notation introduced above let us consider  : B !
L2(
)d be a random load, which in terms of the directions fPig1i=1 is written
as (!) =
P1
i=1 "i(!)Pi; where f"ig1i=1 are independent random variables such
that E("i) = 0; E("i"j) = 0 for i 6= j; and Var("i) = 2i : Then the stochastic
problem dened in (8) can be rewritten as the multiload problem:
min
K2M
Z


f  u dx+
+1X
i=1
Z


iPi  Ui dx; (13)
u 2 H such that AK(u; v) =
Z


f  v dx; 8v 2 H; (14)
Ui 2 H such that AK(Ui; v) =
Z


iPi  v dx; 8v 2 H; 8 i 2 N: (15)
Remark 3 Normal distribution "i  N (0; 2i ) satisfy the assumptions in
Theorem (2) (see (23)).
Remark 4 It can be proved that L2(
)d (also L2( g)
d and many other spaces
suitable for cases with f and g less regular) is a separable Hilbert space and,
therefore, there exist a Hilbert basis fPig1i=1  L2(
)d: So that, for any  2
L2(
)d there exists f"ig1i=1  R such that  =
P1
i=1 "iPi:
In order to avoid scenarios with too large values of the compliance we can
consider Problem (10).
Let us dene the inverse functional G : [L2(
)]d ! H by G(f) = u; where
u is the (unique) weak solution of (1) or, equivalently, (4) or (5).
Then, for a given random perturbation  2 L2(
)d and a tensor K 2 M
we have that
	(;K) =
Z


(f + ) G(f + ) dx:
The variance of 	(;K) is computed by using the well known formula
Var[	(;K)] = E[	(;K)2]  E[	(;K)]2: (16)
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Let us consider  =
Pm
i=1 "iPi; where Pi 2 [L2(
)]d for i = 1; : : : ;m; and
"i are real random variables that satisfy E("i) = 0 for i = 1; : : : ;m: Using
the linearity of operator G(); dened above, we can calculate explicitly the
value of Var[	(;K)]; by using the following identities
E
"Z


f G() dx
2#
=
mX
i;j=1
E("i"j)
Z


f G(Pi) dx
Z


f G(Pj) dx; (17)
E
"Z


 G(f) dx
2#
=
mX
i;j=1
E("i"j)
Z


Pi G(f) dx
Z


Pj G(f) dx; (18)
E
Z


f G() dx
Z


 G(f) dx

=
mX
i;j=1
E("i"j)
Z


f G(Pi) dx
Z


Pj G(f) dx; (19)
E
Z


f G() dx
Z


 G() dx

=
mX
i;j;k=1
E("i"j"k)
Z


f G(Pi) dx
Z


Pj G(Pk) dx; (20)
E
Z


 G(f) dx
Z


 G() dx

=
mX
i;j;k=1
E("i"j"k)
Z


Pi G(f) dx
Z


Pj G(Pk) dx; (21)
E
"Z


 G() dx
2#
=
mX
i;j;k;l=1
E("i"j"k"l)
Z


Pi G(Pj) dx
Z


Pk G(Pl) dx: (22)
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In the particular case in which "i are independent random variables, with
"i  N (0; 2i ) for i = 1; : : : ;m; we get
E("i"j) =
(
2i if i = j
0 if i 6= j ; E("i"j"k) = 0;
E("i"j"k"l) =
8>>><>>>:
34i if i = j = k = l;
2i 
2
j if i = k; j = l or i = l; j = k and i 6= j;
2i 
2
k if i = j; k = l and i 6= k;
0 either case.
(23)
The following theorem shows the particular case of two perturbation func-
tions, and corresponds to the formulation used in the numerical test given in
the next section
Theorem 3 Using the notation of the previous theorem, let us consider a
random perturbation of f given by  = "1P1 + "2P2; where the perturbation
functions P1; P2 2 L2(
)d and "1; "2 are independent random variables, with
"i  N (0; 2i ): Then
Var[	(;K)] =
Z


f  U1 dx+
Z


1P1  u dx
2
+
Z


f  U2 dx+
Z


2P2  u dx
2
+
Z


1P1  U2 dx+
Z


2P2  U1 dx
2
+
2
Z


1P1  U1 dx
2
+ 2
Z


2P2  U2 dx
2
;
where u = G(f); Ui = G(iPi); i = 1; 2: In other words,
AK(u; v) =
Z


f  v dx; AK(Ui; v) =
Z


iPi  v dx; 8v 2 H; i = 1; 2:
Proof: First, we recall that for a given random variable X and a constant
a 2 R we have the following properties we use
Var(a+X) = Var(X) = E(X2)  E(X)2; (24)
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Additionally, as E() = 0 and using the linearity of operator G(); we obtain
E
Z


f G() +  G(f) +  G() dx

= E
Z


 G() dx

: (25)
Therefore, using (24)-(25) we get
Var[	(;K)] = Var
Z


(f + )  (G(f + )) dx

= Var
Z


f G() +  G(f) +  G() dx

= E
"Z


f G() +  G(f) +  G() dx
2#
 

E
Z


 G() dx
2
:
Using (17)-(21) combined with (23) we obtain the following relations
E
"Z


f G() dx
2#
= 21
Z


f G(P1) dx
2
+ 22
Z


f G(P2) dx
2
;
E
"Z


 G(f) dx
2#
= 21
Z


P1 G(f) dx
2
+ 22
Z


P2 G(f) dx
2
;
E
Z


f G() dx
Z


 G(f) dx

=
21
Z


f G(P1) dx
Z


P1 G(f) dx+ 22
Z


f G(P2) dx
Z


P2 G(f) dx;
E
Z


f G() dx
Z


 G() dx

= E
Z


 G(f) dx
Z


 G() dx

= 0:
Therefore,
Var[	(;K)] = 21
Z


f G(P1) dx+
Z


P1 G(f) dx
2
+ 22
Z


f G(P2) dx+
Z


P2 G(f) dx
2
+ E
"Z


 G() dx
2#
 

E
Z


 G() dx
2
:
(26)
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On the other hand, from (22) and (23) we have
E
"Z


 G() dx
2#
= 341
Z


P1 G(P1) dx
2
+ 342
Z


P2 G(P2) dx
2
+ 21
2
2
Z


P1 G(P2) dx
2
+ 21
Z


P2 G(P1) dx
2
+ 221
2
2
Z


P1 G(P1) dx
Z


P2 G(P2) dx
+
Z


P1 G(P2) dx
Z


P2 G(P1) dx

Additionally, using that E("1"2) = 0 we obtain
E
Z


 G() dx

= E
Z


"21P1 G(P1) + "22P2 G(P2) + "1"2P2 G(P1)
+ "1"2P1 G(P2) dx

= 21
Z


P1 G(P1) dx+ 22
Z


P2 G(P2) dx:
Thus,
E
"Z


 G() dx
2#
 

E
Z


 G() dx
2
=
241
Z


P1 G(P1) dx
2
+ 242
Z


P2 G(P2) dx
2
+ 21
2
2
Z


P1 G(P2) dx+
Z


P2 G(P1) dx
2
: (27)
Finally, replacing the previous equation (27) in Eq. (26), calling u = G(f)
and Ui = G(iPi) for i = 1; 2; we obtain the result.

Remark 5 Using Equations (17)-(22) and (24)-(25), Theorem 3 can be gen-
eralized to other cases. For instance, when m  2; i are not independent
random variables or they do not follow a normal distribution.
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Remark 6 We note that in the case of the random load f(!) = f+"1(!)P1+
"2(!)P2 and using Theorem 1, we get that any load F 2 Convff; 1P1; 2P2;
 f; 1P1; 2P2g satises that its compliance is bounded, more preciselyZ


F  U dx  max
Z


f  u dx;
Z


1P1  U1 dx;
Z


2P2  U2 dx

:
This can be generalized to m  2 perturbation functions.
3.2 Considered minimization problem formulation
As mentioned previously, we are interested in solving minimization Problem
(10). With the purpose of generating physically realizable optimized struc-
tures (see Section 1), we consider the so-called SIMP model (Solid Isotropic
Material with Penalization; see [3, 2]). In this model, the set of admissi-
ble tensors is a subset M of the set M^; dened by (2), where the density
(x) = (x)p; x 2 
 with p > 1: In the previous formula,  corresponds to
the design function of the considered optimization Problem (10). The reason
of using  instead of  is that typical solutions have values of  either close to
min or close to max; with large gradients in between. The change of variable
 = p allows to deal with smother solution, easier to be found numerically
(see [16]).
Considering the previous notations, minimization Problem (10) can be
rewritten as
min E[	(;K)] +  Var[	(;K)]
such that:  = p;
K = K0;
0  R


(x) dx  Vmax and  : 
! [min; max];
(28)
where,  and  are weight coecients in [0,1]. The importance of their role
and their impact on the solution is discussed in Section 5.1. Additionally,
K0 represents the fourth-order tensor of a linear elastic isotropic material,
satisfying for all u; v 2 [H1(
)]d
e(v) : K0e(u) := 2e(u)e(v) +  div u div v; (29)
where AB =
Pd
i;j=1 aijbij = Tr(AB
T ); and ;  are the Lame constants of
the material (see e.g. [7, 1]).
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However, the proposed denition of the set of admissible tensors in Prob-
lem (28) does not prevent that optimized solutions exhibit microstructures
with periodic variation densities. As proposed in the literature (see, e.g. [2]),
we tackle this problem indirectly by introducing a computational procedure
in the numerical implementation of the minimization Problem (28) presented
in the next section.
4 Numerical implementation of the model
In order to obtain a numerical approximated solution of Problem (28), for
a nite representative set of values for (; ) denoted by , we consider the
methodology described below.
To approximate the solution of System (1), we consider a nite element
method (FEM), similar to the one proposed in [16]. Let Nx, Ny and Nz the
number of elements in the X, Y and Z directions (the Z direction only applies
in the 3D case), respectively, built by considering an equispaced discretization
step size X , Y and Z , respectively. Thus, Nel = Nx  Ny and Nel =
Nx  Ny  Nz are the total number of elements used for the 2D and 3D
cases, respectively. Furthermore,  denotes the set of all considered nite
elements. We note that in [16], only the implementation of the 2D case is
detailed. Thus, to help the reader to implement easily the 3D version, we
give some details in A about the implementation of the 3D FEM model and
the computation of the local stiness matrix in [0; 1]3.
Considering this FEM approach and a structure submitted to one main
load and Np perturbation loads following a lawN (0; 1) (such as the examples
considered in Section 5), Problem (28) can be approximated by (see [2]-
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Chapter 1.1.1)
min

Jopt() =
 X
e2
uTeKeue + (
NpX
i=1
(
X
e2
UTi;eKeUi;e))
!
+ 
 
(
NpX
i=1
(
X
e2
uTeKeUi;e)
2)
+(
NpX
i=1
NpX
j=1
((
X
e2
UTj;eKeUi;e)(
X
e2
UTi;eKeUj;e)))
!
such that :Ke = 
p
eK
0
0 
X
e2
eVe  Vmax and e 2 [min; max]; 8e:
(30)
where  = (e)e2; e denotes the design function value at nite element
e 2 ; Ve the volume or area of element e, according to the dimension 2
or 3 of the considered design problem, respectively; Ke denotes the element
stiness matrix at element e expressed in local coordinates (i.e., if d = 2 then
Ke 2 R88 and if d = 3 then Ke 2 R2424, see A); ue is the vector of the
deformations generated by the main load at the nodes of element e expressed
in local coordinates (i.e., if d = 2 then ue 2 R8 and if d = 3 then ue 2 R24);
Ui;e is the vector of the deformations generated by the i-th perturbation load
at the nodes of element e expressed in local coordinates.
Optimization Problem (30) is solved by using the Matlab package Global
Optimization Platform (freely available at http://www.mat.ucm.es/momat/
software.htm), where NOCM 2 N iterations of the optimal criteria method
(OCM) described in [2] are used as the core algorithm and the initial condi-
tion is generated by using Nsec 2 N iterations of a multi-layer secant method.
The algorithm runs until the completion of all iterations. A complete descrip-
tion and validation of this methodology can be found in [10, 17, 15]. Here,
we only give a brief description of the considered OCM. The evolution of the
value of e from iteration i up to iteration i+ 1 of the OCM is governed by:
i+1e =
8>><>>:
max(min; 
i
e  m) ; if
p
Be
i
e  max(min; ie  m);
min(max; 
i
e +m) ; if
p
Be
i
e  min(max; ie +m);p
Be
i
e ; else;
(31)
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where m 2 R+ is a positive move-limit (i.e., a value that limits the evolution
of i+1e from 
i
e); Be =

  d@Jopt
@e
(i)
.
l @V (
i)
@e

; i = (ie)e2; V (
i) =P
e2 
i
eVe is the material volume; l is a Lagrangian multiplier that can be
found by a bi-sectioning algorithm; and
d@Jopt
@e
(i) is the mesh-independent
ltered value of @Jopt
@e
(i), proposed in [18].
More precisely, as mentioned in Section 3.2, this lter is a numerical
technique used to prevent the apparition of microstructures with periodic
variation of densities in the numerical solutions (considering a FEM approach
this phenomena is called check-board solutions, see [2]). To do so,
d@Jopt
@e
(i)
is computed by considering a weighted average of @Jopt
@m
(i), for elements m
which are in the ball B(e; rmin) of radius rmin centered at the center of mass
of element e, as following:
d@Jopt
@e
(i) =
X
mB(e;rmin)
m(rmin   dist(e;m))
e
X
nB(e;rmin)
(rmin   dist(e; n))
@Jopt
@m
(i);
(32)
where dist(a; b) is the euclidean distance between the centers of mass of
elements a and b; and @Jopt
@e
(i) is calculated as (see [2]-Chapter 1.2.3)
@Jopt
@e
(i) =pp 1e
 

 
 uTeKeue  
NpX
i=1
(UTi;eKeUi;e)
!
  
 
(
NpX
i=1
UTi;eKeUi;e) 2(
NpX
i=1
NpX
j=i
UTj;eKeUi;e(
X
m2
UTi;mKmUj;m))
+ 2(
NpX
i=1
uTeKeUi;e(
X
m2
uTmKmUi;m))
!!
:
(33)
More details about the considered OCM can be found in [16, 2].
The solution of Problem (30), with xed values of (; ), given by our
optimization approach is denoted by (;) and the associated density by
(;) = 
p
(;) .
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5 Numerical examples
In this Section, we present numerical experiments used to illustrate the in-
terest the Variance-Expected compliance model proposed previously. To this
aim, in Section ??, we describe the considered 2D and 3D benchmark struc-
tures to be optimized by our approach and give the value of the model coef-
cients. Then, in Section 5.1, we show and analyse the results given by our
methodology.
5.1 Considered benchmark problems
During this work, Problem (30) is solved by considering four particular bench-
mark structures, presented in both 2D and 3D versions. The interest of the
2D approach is to obtain a ne approximation of the solution whereas the 3D
case allows to consider an additional perturbation direction and its impact
on the structure. The benchmark structures studied here are some of the
classical ones used to check the eciency of structural optimization methods
[2]. More precisely, we study:
a) Michel: This structure is a square horizontal cantilever and supports
a vertical load.
Considering the 2D version, we study a domain 
2D;M = [0; 250] 
[0; 250]. The side f0g  [0; 250] is assumed xed. Vmax is set to 25000.
A point load g = (0; 1) and a random load ("; 0), with "  N (0; 1),
are applied at node (250; 0) (i.e. load g is identied by the node (250,0)
and the vector (0,-1) so that
R
 g
g:vdx = (0; 1) v(250; 0); 8v 2 H. We
do not repeat this explanation in the following cases). This problem is
denoted by MICH2D.
In the 3D problem, the structure is dened by the domain 
3D;M =
[0; 20][0; 20][0; 20]. The face f0g[0; 20][0; 20] is xed and Vmax =
2400. A main point load g = (0; 0; 1) is applied at the node (20; 10; 0).
At the same node, we consider a random point load  = "1P1 + "2P2,
with "1 and "2 following N (0; 1), P1 = (1; 0; 0) and P2 = (0; 1; 0). This
problem is denoted by MICH3D.
b) Dome: This structure is a vertical square that support a vertical load.
In the 2D case, we consider a domain 
2D;D = [0; 250]  [0; 250] and
the side [0; 250]  f0g is xed. Vmax is set to 25000. A point load
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g = (0; 1) and a random load ("; 0), with "  N (0; 1), are applied at
node (125; 250). This problem is denoted by DOME2D.
The 3D structure is the domain 
3D;D = [0; 20] [0; 20] [0; 20]. The
face [0; 20]  [0; 20]  f0g is xed and Vmax = 2400. A point load
g = (0; 0; 1) is applied at the node (10; 10; 20). Furthermore, at this
node we consider a random point load  = "1P1 + "2P2, with "1 and
"2 following N (0; 1), P1 = (1; 0; 0) and P2 = (0; 1; 0). This problem is
denoted by DOME3D.
c) Cantilever: This problem consists in designing a non-square horizon-
tal cantilever supporting a vertical load.
In its 2D version, we consider a domain 
2D;C = [0; 720] [0; 90]. The
side f0g  [0; 90] is xed. The maximum amount of material is set
to Vmax = 25920. A main point load g = (0; 1) is applied at node
(720; 45). A random load ("; 0) with " following a law N (0; 1) is applied
to the same node. This problem is denoted by CANT2D.
In the 3D case, we consider a rectangular domain 
3D;C = [0; 80] 
[0; 10][0; 10], The face [0; 10]f0g[0; 10] of 
3D;C is xed. The total
amount of material is Vmax = 2400. A main point load g = (0; 0; 1)
is applied at the node (80; 5; 5). We consider a random point load
 = "1P1 + "2P2, with "1 and "2 random variables of law N (0; 1),
P1 = (1; 0; 0) and P2 = (0; 1; 0), applied at the same node as g. This
problem is denoted by CANT3D.
d) Bridge: This structure is an horizontal bridge supporting vertical loads
on its upper face. For reducing the computational complexity of this
problem all those loads are assumed to be equals.
In its 2D version, the domain is 
2D;D = [0; 360] [0; 180] and the sides
f0g [0; 180] and f360g [0; 180] are xed. Vmax is set to 25920. Loads
g = (0; 1) and random loads ("; 0), with " following a law N (0; 1), are
applied to all points with coordinates (x; 180), where x 2 N \ [0; 360].
This problem is denoted by BRID2D.
In the 3D case, the domain 
3D;D = [0; 10] [0; 40] [0; 20]. The faces
[0; 10]f0g [0; 20] and [0; 10]f40g [0; 20] are xed. Vmax is set to
2400. Loads g = (0; 0; 1) and random loads  = "1P1 + "2P2, with "1
and "2 following N (0; 1), P1 = (1; 0; 0) and P2 = (0; 1; 0) are applied to
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Figure 2: Geometrical representation of the 2D benchmark problems
CANT2D, MICH2D, DOME2D and BRID2D.
nodes (x; y; 20), where x 2 N\ [0; 10] and y 2 N\ [0; 40]. This problem
is denoted by BRID3D.
A geometrical representation of the 2D and 3D domains of the bench-
mark problems explained above is given in Figures 2 and 3, respectively. We
note that problems MICH3D and DOME3D were studied in [10] in the
case of optimizing truss structures submitted to random loads, which can be
considered as a discrete version of the problems solved here.
The solution of those benchmark Problems are approximated by consid-
ering the numerical implementation described in Section 4 and the represen-
tative values (; ) 2  := f(1; 0); (0:75; 0:25); (0:5; 0:5); (0:25; 0:75); (0; 1)g
(see [10]). Furthermore, we set X = Y = Z = 1, min = 10
 3, max = 1,
 = 0:58,  = 0:38, rmin=1.5 and p = 3 (see [16]); NOCM = 500 and Nsec = 5
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Figure 3: Geometrical representation of the 2D benchmark problems
CANT3D, MICH3D, DOME3D and BRID3D.
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(see [10]).
Moreover, we also solve numerically the problem of minimizing the com-
pliance value of the structure submitted to the main load g without pertur-
bation load. The density associated to the solution of this last problem is
denoted by comp.
For each benchmark problem, in order to have a qualitative comparison of
densities f(;)g(;)2 and comp, we analyze their robustness when they are
submitted to random loads and their density distribution. For this purpose,
we rst compute the compliance value, the expected compliance value and
the variance value of each structure. Then, for each (;), we consider the
random variable (;) = 	(; (;)). We approximate the density function
of (;) , denoted by (;) , by using a Monte-Carlo approach [15] that
generates M 2 N possible scenarios (i.e., values of ). Then, we calculate
two representative statistical values of (;) associated to extreme scenar-
ios (i.e., scenarios generating high compliance values in the structure): its
maximum value and its %-Coherent-Value at Risk (C-VaR).
The %-Coherent-Value at Risk (C-VaR) is a risk measure dened as:
C-VaR() =
1

Z 
0
inf

z 2 IR s.t.
Z z
0
100(x)dx > (100  y)
	
dy;
where  is a percentile,  2 L1(B;F ;P), (B;F ;P) is a probability space,
and  is the density function of . C-VaR corresponds to the average value
of the worst  % case scenarios of  (i.e., the  % highest values of ). A
presentation and an application of C-VaR can be found in [15]. In our case,
we have  = (;) .
As done in [10], we consider M = 1000 and  = 5%.
5.2 Results
The results found during the numerical experiments presented in Section 4
are summarized in Tables 1 and 2 for the 2D and 3D benchmark problems,
respectively. The 2D density distributions (;), when (; ) 2  for the
MICH2D, DOME2D, CANT2D and BRID2D cases are shown in Fig-
ures 4, 5, 6 and 7, respectively. The 3D density distribution (;), when
(; ) 2  for the MICH3D, DOME3D, CANT3D or BRID3D prob-
lems are depicted in Figures 8, 9, 10 and 11, respectively.
As the benchmark cases studied here are quite numerous and the conclu-
sions are similar between them, we will only exhibit some general tendencies
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comp (1;0) (0:75;0:25) (0:5;0:5) (0:25;0:75) (0;1)
MICH2D
Comp 1,33 1,38 1,41 1,44 2,01 3,85
EC 2,41 2,22 2,23 2,25 2,74 4,61
Vari 38,5 23,7 22,0 21,9 22,0 48,0
C-VaR5 6,32 5,44 5,37 4,71 5,89 9,42
Max 13,0 11,9 10,8 10,2 15,0 21,5
DOME2D
Comp 0,25 0,30 0,31 0,32 0,33 0,47
EC 3,05 1,22 1,25 1,28 1,36 1,89
Vari 156 21,6 18,8 17,5 16,6 10,3
C-VaR5 11,7 4,38 3.90 3,83 4,13 6,49
Max 36,1 12,0 8,70 8,62 11,9 17,7
CANT2D
Comp 13,6 14,0 14,2 14,9 17,3 29,2
EC 14,9 13,8 14,2 14,5 17,5 29,3
Vari 52,2 14,8 3,83 3,73 3,36 3,31
C-VaR5 16,1 15,4 14,6 14,5 17,8 29,6
Max 18,4 17,0 15,2 16,5 18,7 30,1
BRID2D
Comp 1,09 1,21 1,22 1,23 1,25 1,66
EC 2,74 1,60 1,61 1,61 1,65 1,98
Vari 5412 382 336 321 279 206
C-VaR5 7,10 2,76 2,70 2,56 2,48 2,91
Max 19,9 5,35 4,16 5,16 3,77 4,78
Table 1: Summary of the results obtained considering the densities comp,
(1;0), (0:75;0:25), (0:5;0:5), (0:25;0:75) and (0;1) for the Problems MICH2D,
DOME2D, CANT2D and BRID2D: Compliance (Comp), Expected
compliance (EC), Variance of the compliance (Vari), maximum compliance
value (Max) and Coherent Value at Risk of the compliance (C-VaR5).
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comp (1;0) (0:75;0:25) (0:5;0:5) (0:25;0:75) (0;1)
MICH3D
Comp 1,92 2,09 2,13 2,15 2,16 4,98
EC 6,76 5,32 5,57 5,59 5,61 8,51
Vari 27,9 14,1 14,0 14,0 12,3 10,5
C-VaR5 16,9 13,1 12,5 12,7 12,5 16,7
Max 54,7 27,2 23,8 25,7 29,0 35,5
DOME3D
Comp 0,68 0,71 0,74 0,76 0,79 0,80
EC 4,32 3,06 3,12 3,18 3,23 3,41
Vari 13,1 5,34 5,27 5,15 4,81 4,72
C-VaR5 10,6 7,11 7,26 7,42 7,83 7,97
Max 32,9 19,4 18,5 19,5 19,8 21,1
CANT3D
Comp 1,78 1,84 1,88 1,93 2,15 5,43
EC 6,62 3,67 3,70 3,72 4,08 6,88
Vari 4745 672 652 645 621 471
C-VaR5 18,6 9,15 8,62 8,20 8,57 10,8
Max 51,4 24,2 22,1 21,3 21,6 25,3
BRID3D
Comp 0,21 0,27 0,28 0,29 0,31 0,37
EC 1,89 0,73 0,73 0,75 0,76 0,84
Vari 4621 391 315 307 298 236
C-VaR5 5,67 1,95 1,92 1,79 1,80 2,12
Max 15,5 5,62 4,89 5,12 5,56 6,09
Table 2: Summary of the results obtained considering the densities comp,
(1;0), (0:75;0:25), (0:5;0:5), (0:25;0:75) and (0;1) for the Problems MICH3D,
DOME3D, CANT3D and BRID3D: Compliance (Comp), Expected
compliance (EC), Variance of the compliance (Vari), maximum compliance
value (Max) and Coherent Value at Risk of the compliance (C-VaR5).
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Figure 4: Density distribution comp, (1;0), (0:75;0:25), (0:5;0:5), (0:25;0:75) and
(0;1) obtained for the MICH2D Problem. The support is presented by a
grey rectangle at position x = 0. The node where loads are applied are
represented by a bright circle.
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Figure 5: Density distribution comp, (1;0), (0:75;0:25), (0:5;0:5), (0:25;0:75) and
(0;1) obtained for the DOME2D Problem. A support wall is presented by
a grey rectangle at position y = 0. The node where loads are applied are
represented by a bright circle.
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Figure 6: Density distribution comp, (1;0), (0:75;0:25), (0:5;0:5), (0:25;0:75) and
(0;1) obtained for the CANT2D Problem. The support is presented by a
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regarding the behaviour of our model when considering dierent values of 
and .
We can observe in Tables 1 and 2, that minimizing only the compliance
and not considering the expected compliance nor the variance (i.e., comp),
we obtain structures robust to the main load (i.e., for each problem, comp
shows the lowest compliance value). However, comp is generally less stable
to load perturbations than the structures from (1; 0) up to (0:25;0:75), as
its Maximum and C-VaR5 compliance values estimated during the Monte-
Carlo approach are the highest ones. For instance, when considering the
DOME2D case, the C-VaR5 and Maximum compliance values of comp are
11,7 and 36.1, respectively, which represent an increase of 300% when regard-
ing the C-VaR5 and Maximum compliance values of (1;0) up to (0:25;0:75). In
counterpart, the compliance values of (1;0) up to (0:25;0:75) are only between
20% and 30% higher than the comp one. This seems to indicate that con-
sidering the Variance-Expected Compliance model should help to generate
structures better adapted to perturbed loads scenarios (i.e., which present
reduced deformations in cases of severe perturbations) than the classical com-
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Figure 7: Density distribution comp, (1;0), (0:75;0:25), (0:5;0:5), (0:25;0:75) and
(0;1) obtained for the BRID2D Problem. The supports are presented by a
grey rectangles at position x = 0 and x = 360. For a better understanding
of the densities, the loads are not shown.
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Figure 8: Density distribution comp, (1;0), (0:75;0:25), (0:5;0:5), (0:25;0:75) and
(0;1) obtained for the MICH3D Problem. One support is presented by
a lled plane at position x = 0. The node where loads are applied are
represented by a bright circle.
29
Figure 9: Density distribution comp, (1;0), (0:75;0:25), (0:5;0:5), (0:25;0:75) and
(0;1) obtained for the DOME3D Problem. One of the support walls is
presented by a lled plane at position x = 0. The node where loads are
applied are represented by a bright circle.
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Figure 10: Density distribution comp, (1;0), (0:75;0:25), (0:5;0:5), (0:25;0:75) and
(0;1) obtained for the CANT3D Problem. The support is presented by
a lled plane at position x = 0. The node where loads are applied are
represented by a bright circle.
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Figure 11: Density distribution comp, (1;0), (0:75;0:25), (0:5;0:5), (0:25;0:75) and
(0;1) obtained for the BRID3D Problem. A support wall is presented by a
lled plane at position x = 0. For a better understanding of the densities,
the other support wall and loads are not shown.
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pliance model. However, the choice of (; ) is important as in some rare
cases, the (;) structure exhibits worst characteristics than comp. For exam-
ple, in the CANT2D Problem, (0:25;0:75) and (0;1) have higher compliance,
C-VaR5 and Maximum compliance values than comp.
When comparing the eect of the weight coecients (; ) on the solu-
tions, we can observe that if our objective is to reduce the extreme scenar-
ios compliance (i.e., reduce the C-VaR5 or the Maximum compliance val-
ues) both values  and  should be strictly positive. For instance, for the
CANT3D Problem, (0:25;0:75) shows the lowest C-VaR5 and maximum com-
pliance values whereas, for the BRID3D case, (0:5;0:5) is the most resilient
structure to strong perturbations. This seems to indicate that for each partic-
ular design problem, if we are interested in managing severe perturbations, a
previous study on the values of (; ) should be performed in order to deter-
mine their optimal values. This interpretation can be also observed on Figure
12, where a boxplot representation2 of the density functions of the random
variable associated to the compliance value of comp, (1;0), (0:75;0:25), (0:5;0:5),
(0:25;0:75) and (0;1) obtained during ProblemCANT2D is presented. We can
see that the boxplots becomes thinner as  increases (i.e., the variance de-
creases) and their maximum values decreases up to a certain value of  (here,
.25) from which the maximum compliance value start to growth.
From a general point of view, when we raise  the value of the variance
of the compliance decreases and the expected compliance increases. Indeed,
as observed in the truss case [10], when we increase the variance weight, we
increase the robustness of the structure to the perturbed loads whereas it
becomes weaker to the main load. This can be observed on the evolution
of the density distribution (;) in function of (; ). More precisely, re-
garding Figures 4 and 8, for the MICH2D and MICH3D cases, there is
a mass transfer phenomena when  increases from the diagonal 'bars' (sup-
porting the vertical main load) to the oor of the structure (which oer a
good resistance to the perturbed loads in the plane z = 0). Considering the
DOME2D and DOME3D cases, there is a material transfer when  raises
from the upper part of the dome (sustaining the main load) to the 'feet' of
the structure (which oer resistance to horizontal perturbations). The same
mass transfer phenomena were also observed for the Michel and Dome cases
2Boxplots are composed by a box, which has lines at the lower quartile, median, and
upper quartile values, and whiskers that extend from each end of the box to the lower and
higher compliance value [19].
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Figure 12: Boxplot representation of the compliance value density func-
tions of comp, (1;0), (0:75;0:25), (0:5;0:5), (0:25;0:75) and (0;1) obtained for the
CANT2D Problem.
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considering truss structures in Ref. [10]. For the CANT2D and CANT3D
structures, we can see on Figures 6 and 10 that when  decreases, the matter
that compound the net of internal bars (oering resistance to vertical loads)
is progressively redistributed to the lateral parts of the structure (adapted to
horizontal loads). Finally, for the BRDI2D and BRID3D structures, we
observe on Figures 7 and 11, that the mass transfer occurs from the columns
linking the bridge with the lateral supports to the upper part of the bridge
(well suited to sustain the horizontal perturbations). A graphical representa-
tion of this phenomenon can be observed on Figures 13 and 14 which depict
the deformation of structure (1;0) and (0;1) in the CANT3D case when they
are submitted to vertical and horizontal loads. We can observe that (1;0) is
the most resistant to vertical deformation whereas (0;1) is the most resistant
to horizontal loads.
The rates of increase/decrease of the expected compliance and variance
values according to the weight coecients (; ) depend on the studied design
problem. For instance, on the one hand, during the DOME3D experiment,
the expected compliance raises 12% and the variance decreases 12% when
comparing (1;0) with (0;1). On the other hand, for the BRID3D case, the
expected compliance is increased by 15% and the variance decreased by 40%
when considering (1;0) in front of (0;1). As said previously, the choice of
(; ) should be adapted to the considered design problem.
6 Conclusions
During this work, we have presented a Variance-Expected Compliance model,
originally proposed for truss structures, to solve stochastic topology optimiza-
tion problems. The behaviour of this model was studied numerically by con-
sidering a nite element implementation and various 2D and 3D benchmark
cases. The obtained results seem to indicate that considering our formula-
tion with adequate weight coecients allow to generate structure robust to
main loads and their perturbations in case of extreme scenarios. In future
works, we aim to improve the algorithm proposed here, considering fast and
ecient optimization methods. Additionally, we will consider probabilistic
constraints in the framework of reliability based optimization design.
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Figure 13: Deformation of the structures (Up) (1;0) and (Down) (0;1) ob-
tained for the CANT3D Problem when submitted to the horizontal load
(0,1,0) on point (80,5,5) (represented by a bright circle).
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Figure 14: Deformation of the structures (Up) (1;0) and (Down) (0;1) ob-
tained for the CANT3D Problem when submitted to the vertical load (0,0,-
1) on point (80,5,5) (represented by a bright circle).
37
Acknowledgments
This work was carried out thanks to the nancial support of the \Universidad
de los Andes"; the Spanish \ Ministry of Economy and Competitiveness"
under project MTM2011-22658; the \Comunidad de Madrid" under project
S2009/PPQ-1551; the \Junta de Andaluca" through project P12-TIC301;
and the \FONDECYT" under grant 1130905.
A Computation of Stiness Matrix
For the numerical analysis above we need to compute the local stiness matrix
of the element T  := [0; 1]d where d is set to 2 or 3. Whereas this computation
is rather standard, we present here the main clues to construct the stiness
matrix of a single element in order to help the reader to repeat the results
presented here for the nite element discretization. Also, we present a simple
program written in Matlab to compute this matrix in the three dimensional
case. Most of this part is based on the work of Alberti et al. [5] and Ciarlet
[7, 6].
In the following we consider the nite dimensional space Vh; with N =
dim(Vh); corresponding to a standard Galerkin representation of (1). We
nd uh 2 Vh such that (4) is satised for all vh 2 Vh; i.e. we nd
A(uh; vh) =
Z


f  vh dx 8vh 2 Vh: (34)
For f jg1;:::;N a basis of Vh we get that solving (34) above is equivalent to
nd U 2 RN that solves the linear system fAgU = fbg; with
fAgij = A( i;  j); and fbgj =
Z


f   j dx;
here fAg is called the global stiness matrix of the discretized problem (34).
We assume that 
 = [kTk, a partition on regular nite elements (see Ciarlet
[7] for details). We get
fAgij =
X
k
Z
Tk
e( i) : Ke( j)dx;
each element Tk corresponds to an ane transformation of the reference
element T ; thus in order to compute fAg rst we have to compute the local
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stiness matrix Z
T 
e( ~ i) : Ke( ~ j)dx;
where f ~ ig corresponds to a basis of functions for the reference element T :
In the following section we compute the local stiness matrix of the cu-
bic element T  = [0; 1]3; with K the fourth-order tensor of a linear elastic
isotropic material, satisfying Eq. (29). Several examples of topology op-
timization, including the Matlab code for square elements can be found in
Sigmund [16]. A short open-box Matlab implementation for computing the
stiness matrix for triangular, square, and tetrahedral family of nite ele-
ments can be found in Alberty et al. [5].
A.1 Cubic Elements
Let us consider the element T  = [0; 1]3; we have the following scalar hat
functions dened on T , with x = (x1; x2; x3):
'1(x) = (1  x1)(1  x2)(1  x3) '2(x) = x1(1  x2)(1  x3)
'3(x) = x1x2(1  x3) '4(x) = (1  x1)x2(1  x3)
'5(x) = (1  x1)(1  x2)x3 '6(x) = x1(1  x2)x3
'7(x) = x1x2x3 '8(x) = (1  x1)x2x3
Therefore, a basis of Vh (the nite dimension space approximating L
2(
)d)
for the element T  is given by
f ~ 1; : : : ; ~ 24g :=
8<:
0@'10
0
1A ;
0@ 0'1
0
1A ;
0@ 00
'1
1A ; : : : ;
0@'80
0
1A ;
0@ 0'8
0
1A ;
0@ 00
'8
1A9=; :
Using Voigt representation of the linear strain tensor we obtain that, for
every u; v 2 [H1(
)]d; e(u) : Ke(v) = (v)tfKg(u), where
fKg =
0BBBBBB@
+ 2   0 0 0
 + 2  0 0 0
  + 2 0 0 0
0 0 0  0 0
0 0 0 0  0
0 0 0 0 0 
1CCCCCCA and (u) =
0BBBBBBB@
@u1
@x1
@u2
@x2
@u3
@x3
@u1
@x2
+ @u2
@x1
@u1
@x3
+ @u3
@x1
@u2
@x3
+ @u3
@x2
1CCCCCCCA
:
(35)
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Thus, the corresponding local stiness matrix in the tree dimensional case is
given by Z
T 
( ~ i)
tfKg( ~ j)dx for i; j = 1; : : : ; 24:
In order to compute the local stiness matrix we have to compute the
following quantities
[Rkl]ij =
ZZZ
T 
@'i
@xk
@'j
@xl
dx;
for i; j = 1; : : : ; 8 and k; l = 1; 2; 3: It is not dicult to see that R11; R22 and
R33 are symmetric matrices, R21 = R
t
12 and also R32 = R
t
23:
Remark 7 Similar computations can be made in the two dimensional case
in order to obtain the stiness matrix of the square element T  = [0; 1]2:
We can obtain the corresponding matrix fKg by eliminating the coordinates
associated to u3 in (35), getting the so-called Plane Strain formulation. A
more popular formulation for computing the stiness matrix in the two di-
mensional case corresponds to that called Plane Stress formulation, where
fKg is given by:
fKg =
0@+ 2  0 + 2 0
0 0 
1A  2
+ 2
0@1 1 01 1 0
0 0 0
1A : (36)
The Plane Strain or Plane Stress formulations must be chosen according to
the conditions of the problem.
We present below the Matlab code to compute the local stiness ma-
trix of the cubical element [0; 1]3 following the approach explained above.
lambda=0.576; mu=0.384;
R 11 = [4,-4,-2, 2, 2,-2,-1,1; -4,4,2,-2,-2,2,1,-1; -2,2,4,-4,
-1,1,2,-2; 2,-2,-4,4,1,-1,-2,2; 2,-2,-1,1,4,-4,-2,2; -2,2,1,-1,
-4,4,2,-2; -1,1,2,-2,-2,2,4,-4;1,-1,-2,2,2,-2,-4,4]/36;
R 22 = [4,2,-2,-4,2,1,-1,-2;2,4,-4,-2,1,2,-2,-1;-2,-4,4,2,-1,
-2,2,1; -4,-2,2,4,-2,-1,1,2; 2,1,-1,-2,4,2,-2,-4;1,2,-2,-1,2,
4,-4,-2; -1,-2,2,1,-2,-4,4,2;-2,-1,1,2,-4,-2,2,4]/36;
R 33 = [4,2,1,2,-4,-2,-1,-2;2,4,2,1,-2,-4,-2,-1;1,2,4,2,
-1,-2,-4,-2; 2,1,2,4,-2,-1,-2,-4;-4,-2,-1,-2,4,2,1,2;-2,-4,-2,
-1,2,4,2,1; -1,-2,-4,-2,1,2,4,2;-2,-1,-2,-4,2,1,2,4]/36;
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R 12 = [2,2,-2,-2,1,1,-1,-1;-2,-2,2,2,-1,-1,1,1;-2,-2,2,2,-1,
-1,1,1; 2,2,-2,-2,1,1,-1,-1; 1,1,-1,-1,2,2,-2,-2;-1,-1,1,1,-2,
-2,2,2; -1,-1,1,1,-2,-2,2,2;1,1,-1,-1,2,2,-2,-2]/24;
R 13 = [2,2,1,1,-2,-2,-1,-1;-2,-2,-1,-1,2,2,1,1;-1,-1,-2,-2,1,
1,2,2; 1,1,2,2,-1,-1,-2,-2; 2,2,1,1,-2,-2,-1,-1;-2,-2,-1,-1,2,
2,1,1; -1,-1,-2,-2,1,1,2,2;1,1,2,2,-1,-1,-2,-2]/24;
R 23 = [2,1,1,2,-2,-1,-1,-2;1,2,2,1,-1,-2,-2,-1;-1,-2,-2,-1,1,
2,2,1; -2,-1,-1,-2,2,1,1,2;2,1,1,2,-2,-1,-1,-2;1,2,2,1,-1,
-2,-2,-1; -1,-2,-2,-1,1,2,2,1;-2,-1,-1,-2,2,1,1,2]/24;
L = [lambda+2*mu,lambda,mu];
KE = zeros(24,24);
KE([1:3:24],[1:3:24]) = L(1)*R 11 + L(3)*R 22+ L(3)*R 33;
KE([2:3:24],[2:3:24]) = L(3)*R 11 + L(1)*R 22+ L(3)*R 33;
KE([3:3:24],[3:3:24]) = L(3)*R 11 + L(1)*R 22+ L(3)*R 33;
KE([2:3:24],[1:3:24]) = L(3)*R 12 + L(2)*R 12';
KE([3:3:24],[1:3:24]) = L(3)*R 13 + L(2)*R 13';
KE([3:3:24],[2:3:24]) = L(3)*R 23 + L(2)*R 23';
KE([1:3:24],[2:3:24]) = KE([2:3:24],[1:3:24])';
KE([1:3:24],[3:3:24]) = KE([3:3:24],[1:3:24])';
KE([2:3:24],[3:3:24]) = KE([3:3:24],[2:3:24])';
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